Abstract-The effect of uncertainty in the energy partition function on the silicon displacement damage metric is presented. Through the use of a Total Monte Carlo approach, the effect of uncertainty in the underlying electronic and nuclear ion interaction potentials, which are used to define the damage partition function, is propagated into an uncertainty in the silicon damage metric. This uncertainty is expressed as an energydependent covariance matrix which permits this uncertainty component to be combined with other uncertainty components, e.g. uncertainty due to the knowledge of the nuclear interaction data or to the treatment of the damage in the threshold displacement region. This approach provides a rigorous treatment of uncertainty due to the damage metric which can then be propagated in uncertainty estimates for various applications, e.g. when examining damage equivalence between different neutron sources. A strong energy-dependent correlation is found in this uncertainty component.
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I. INTRODUCTION
W HEN a neutron interacts with a material, charged particles are produced in the outgoing reaction channel and their energy is deposited in the target material. The energy deposited by the recoiling charged particles can be partitioned into "ionization" and "displacement" components. This energy partitioning is governed by the electronic and nuclear/atom ion interaction potentials. The uncertainty in this energy partitioning can affect the neutron energy-dependent shape of the neutron displacement kerma. In silicon-based minority carrier semiconductors, uncertainty in this energy partition function will affect the displacement damage equivalence between irradiations of different neutron energies and between different types and energies of ions. In addition to affecting the radiation testing protocol used in displacement damage effects testing in semiconductors, this uncertainty is important when silicon bipolar transistors are used as neutron dosimeters, as detailed in ASTM standard E1855-15, Standard Test Method for Use of 2N2222A Silicon Bipolar Transistors as Neutron Spectrum Sensors and Displacement Damage Monitors [1] . This paper examines the propagation of the uncertainty in the energy partition function into uncertainty in the inferred 1-MeV(Si) equivalent fluence from irradiation testing.
II. DAMAGE PARTITION MODELS IN SILICON
The purpose of a damage partition model is to separate the energy delivered from an incident type of radiation into specific forms of "effective" energy deposition that can be correlated with different damage modes. The damage is, typically, partitioned according to the energy deposition by the resulting charged particle interactions into displacement and ionizing components. Here energy going into lattice phonons is considered as part of the displacement contribution. Then various algorithms are applied to transform the relevant deposited energy metric into a damage metric that can be correlated with specific damage modes, e.g. Frenkel pair production, displacements per atom (dpa) using various algorithms for the treatment of the displacement threshold energy, the creation of single self-interstitial atom (SIA) clusters, or athermal recombination corrected dpa [2] to account for defect recombination within dense clusters.
The most widely used energy partition model is the Robinson fit [3] to the Lindhard, Scharff, and Schiott (LSS) energy partition [4] . The LSS approach assumes the local density approximation (LDA) and uses a Thomas-Fermi screening function over the Coulomb potential to model the elastic interactions and a non-local free uniform electron gas model for the inelastic electronic scattering. Robinson and Torrens fit [3] the LSS energy partition with an analytic representation based upon the atomic mass, A, and atomic number, Z , for the incident ion and the lattice ion. This formulation is valid for all monoatomic crystalline materials at energies less than ∼ 25 * Z 4/3 * A (keV) and when the ratio of the atomic numbers for the incident and lattice atoms do not differ significantly from unity [5] .
Work by Akkerman [6] used updated Ziegler, Biersack, and Littmark (ZBL) [7] potentials for silicon to derive a new partition function that is valid only for silicon and at ion energies less than ∼ 500 keV. The Akkerman partition model uses the same functional representation as was adopted in the Robinson methodology, but used different coefficients in the functional form. The use of the ZBL electronic potential represents a clear improvement in the damage partition function and 0018-9499 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. makes this the preferred electronic component of the partition function. Figure 1 shows the ion energy-dependent damage partition functions for silicon. In order to better highlight the difference in the high ion energy region between the two damage partition models, Figure 2 shows the ratio of the two damage partition functions.
III. NEUTRON DISPLACEMENT METRICS
The fundamental calculated displacement damage metric is the microscopic displacement kerma factor, κ dpa , see ASTM E722-14 [1] , which can be written as:
where:
• the summation is over all open neutron-induced reaction channels, i, and emitted particles j i • σ i,ji (E) is the cross section for the j i particle in the i th reaction channel • f i,ji (E, μ ,T R, j i ) is the energy distribution for resulting charged particles which are emitted with: • an energy T R,ji and at an angle characterized by μ and resulting from the j i particle in the i th channel,
• induced by the incident neutron energy with energy E.
• ion T dam (T R, j i ) is the displacement energy partition function for the emitted ion j i in the i th open channel with energy T R, j i .
The displacement kerma, K, is the microscopic kerma factor multiplied by number of atoms per unit mass in the target material and the incident particle fluence. The ionizing kerma is equal to the total material kerma minus the displacement kerma.
A very important damage metric used by the radiation effects community is the neutron damage energy, n T dam , however, the definition of damage energy is not entirely consistent throughout the literature. The variation in the use of the term involves the: 1) selection of the lower energy bound for the integration over recoil ion energies that are to represent interactions where a subsequent lattice atom displacement can occur; 2) selection of the displacement model, which involves identifying a transfer energy associated with the generation of a Frenkel pair; and 3) treatment of the effective deposited energy for ion recoil energies near the threshold displacement energy. The general form of the damage energy can be written as:
Here the
(E → T R j i ) factor includes the identification of the reaction channel-dependent recoil energies, similar to the f i,ji (E, μ,T R, j i ) term in Equation 1, as well as a term that includes the efficiency of the defect production in the threshold region such that all Frenkel pairs can be treated as requiring the same creation energy, i.e. 2 * E d /β where β = 0.8 for the formulation of the Kinchin-Pease damage energy [8] and E d , is the threshold displacement energy. E d is intended to represent an emission angle-integrated average energy below which the recoil atom can no longer result in a displacement of any additional lattice atoms. The concept of a "damage energy" is intended to capture the energy imparted by secondary charged particles, integrated over a defined portion of the slowing down process, and going into the creation of Frenkel pairs. The expression of the energy required to create the defect varies with different definitions of the "damage energy" as does the number of defects generated in the region near the threshold energy required for an ion collision to result in defect production.
The most commonly used form of the neutron damage energy, and the formulation used in this work, has a lower recoil integration bound set to the threshold displacement energy, E d , and uses a sharp threshold Kinchin-Pease displacement model. The most commonly used damage partition function is the Robinson damage partition function, which can be notated as n T Rob dam (E), and the focus of this paper is to examine the uncertainty associated with this selection. An energy of 20.5 eV was used for the displacement threshold energy, E d , in this analysis.
Another commonly used displacement damage metric is the non-ionizing energy loss (NIEL) [9] , [10] , which is equal to the sharp threshold Kinchin-Pease damage energy multiplied by the factor N A /A L where N A is Avogadro's number and A L is the atomic mass of the lattice atom-so it is the same parameter in different units. While a kerma is only defined for uncharged particles, both the damage energy and the NIEL are defined for either charged or uncharged particles.
For neutrons, a code such as NJOY-2012 [11] is often used in conjunction with a nuclear data evaluation to find the microscopic displacement kerma factor, κ dpa . This work uses NJOY-2012 to process the 28 Si cross section as it appears in the ENDF/B-VII.1 evaluation [12] , MAT= 1425. This evaluation makes use of the ENDF-6 format [13] File 6 to provide a detailed description of the recoil ion's energy spectra as a function of the incident neutron energy. This evaluation addresses 62 different reaction channels including the following: elastic, 17 discrete inelastic, continuum inelastic, (n,p), (n,α), (n,2n), (n,γ ), (n,nα), (n,np), and (n,d) channels. NJOY first calculates the reaction-specific total kerma induced by neutron interactions and then identifies the recoil atom energy distribution for all of the reaction products. The recoil atom energy distribution for each reaction channel is then partitioned into a displacement energy component using a damage partition function. The NJOY-2012 code implements the Robinson fit to the LSS theory for the energy partition and applies a displacement threshold energy, E d , as the lower integration limit over recoil ion energy. NJOY-2012, in normal operational mode, calculates this sharp threshold KinchinPease neutron damage energy. This work used a modified version of the NJOY-2012 code that permitted the user to select the damage partition function and the treatment of the displacement threshold region.
IV. PROPAGATION OF ION DAMAGE FUNCTION UNCERTAINTY INTO THE NEUTRON DAMAGE METRICS
A Total Monte Carlo (TMC) approach [14] utilizing the NJOY-2012 code was used to combine a damage partition model with underlying nuclear data, i.e. reaction dependent cross sections and recoil spectra, to produce an energy-dependent neutron-induced damage energy. The TMC approach uses a Monte Carlo sampling of the input parameters and a rigorous propagation of the effect of these parameters on the final quantity [15] , in this case, the silicon microscopic displacement kerma factor for neutrons. This approach captures any nonlinearity in the uncertainty propagation. Figure 3 shows the percent difference in the neutron damage energy that results when the Akkerman damage partition function is used in place of the NJOY-2012 default Robinson damage partition function. Changes in the damage energy of between +20%/−5% are seen to result from just this variation between these two commonly used damage partition models. The change is also seen to be smoothly varying, i.e. highly correlated, with neutron energy.
A. Covariance Matrix Derived From the Variation Between the Robinson and Akkerman Damage Functions
While Figure 3 shows the effect of the difference between the two commonly used damage partition functions for silicon, on the neutron displacement kerma, one can try to do a more rigorous propagation of the uncertainty partition function to derive a full covariance matrix for the effect of this uncertainty contribution into the overall uncertainty in the silicon displacement kerma. The first approach addressed here was to use a visual inspection of the variation seen in Figures 1 and 2 to determine an energy-dependent standard deviation in the magnitude of the partition function and an energy-dependent correlation matrix. The correlation matrix is a positive definite matrix with elements constrained to the interval between negative one (anti-correlated) and positive one (fully correlated). A zero correlation coefficient indicates that the two energy points are independent and can be separately varied. A correlation value close to one indicates a strong correlation, thus, if the functional value at one energy is increased, the functional value at the other energy point moves in the same direction and with a correlation in the magnitude of the movement related to the strength of the correlation coefficient. Together, the standard deviation and correlation matrix permit the determination of a full covariance matrix that is required for a rigorous uncertainty propagation into various computed damage metrics. While a plot of a covariance matrix is very hard to interpret, a plot of the correlation matrix visually conveys a lot of information on the "stiffness' of the function when changes are made. Since the information in the energy-dependent standard deviation, when coupled with a correlation matrix, completely describes the covariance matrix, we characterize the uncertainty here with separate plots of the energy-dependent standard deviation and of the correlation matrix.
By determining the eigenvalues and eigenvectors of the covariance matrix, one can readily generate the Cholesky decomposition matrix, L, from the covariance matrix. This decomposition is useful in supporting a Monte Carlo sampling from the initial distribution. Applying this lower triangular matrix, L, to a vector or uncorrelated samples, u, produces a sample vector, Z =Lu, with the covariance properties modeled by the matrix C. Thus, if one generates a vector Z of the same dimension, N, as the covariance matrix, where each element of the column vector u represents a normal/Gaussian distributed random variable with mean of 0 and a standard deviation of 1, then L T Z represents a correlated draw of the original distribution as described by the covariance matrix.
Once a covariance matrix is available, the Cholesky transformation [16] and a set of uncorrelated random numbers can be used to rigorously sample from a correlated energy-dependent representation of the partition function. Using a baseline Robinson partition function and a 66-point representation of the energy-dependent standard deviation and correlation matrix of this damage partition function as derived from the variation between the Robinson and Akkerman silicon partition functions, this Cholesky sampling approach has been applied to silicon and used to generate a set of 750 samples of representative partition functions. A drawback of this energy-based statistical sampling approach is that the sampled partition functions did not reflect some of the physics-based constraints implicit to the actual partition functions, e.g. a monotonically decreasing behavior with increasing ion energy and a strict restriction to the interval between 0 and unity. In order to address this deficiency, these constraints were imposed on the sampled partition functions subsequent to the statistical draws. Figure 4 shows a statistical sample of these partition functions after the monotonic condition had been applied. These 750 partition functions were then used in 750 independent NJOY-2012 calculations to derive corresponding samples of the silicon displacement damage function. A statistical analysis of these 750 samples of NJOY-produced damage energies then yielded an energy-dependent standard deviation, shown in Figure 5 , and an energy-dependent correlation matrix, shown in Figure 6 .
B. BCA-Based Damage Functions
The above section showed significant uncertainty due to the selection of the damage partition model. In order to more completely explore this sensitivity, we used the binary collision approximation (BCA) code, MARLOWE [17] , to calculate the ion energy-dependent partition function for a range of ion interaction potentials that have been used by the ion modeling community. There are two types of potentials: a) those that describe the electronic interaction; b) those that describe the ion interaction with the lattice atoms. The former is called the electronic potential and is typically described by either the LSS or the ZBL electronic energy loss models. The latter is called the nuclear potential -even though it has nothing to do with nuclear interactions -and the MARLOWE BCA code has implemented models with the Moliere, exponential, and Lenz-Jensen potential. The MARLOWE code has been modified to permit user selection of ionization cross sections and the resulting electronic energy loss and the ionization loss models were varied in this work. Figure 7 shows the energy partition functions produced from the combination of the various representations of the electronic and nuclear potentials in silicon. These different ion interaction potentials can differ by about 25% and are highly correlated with ion energy. The ZBL electronic potential is seen to produce more ionization energy loss, i.e. less damage energy, than the LSS potential. While the Lenz-Jensen nuclear potential is seen to produce similar damage fractions to that for the exponential potential, the variation of the nuclear potential between the Moliere and the exponential form is seen to have a comparable effect to the variation of the electronic potential between the LSS and ZBL forms. Figure 8 shows the variation in the neutron-induced damage energy that results from using the damage partition functions produced by these various forms of the potential. This figure presents the difference relative to that produced from the baseline Robinson damage partition model. The same trends are seen in the difference between the neutron damage energies as was seen in the ion energy-dependent partition. The neutron energy-dependent variation is seen to be ±20%, similar to the sensitivity seen from the Akkerman/Robinson comparison. The variation is also seen to be smoothly varying for any given selection of underlying potential, and the energy-dependent variation for a given selection of potential is smaller than the overall range if the potential is also permitted to vary.
With this larger family of six BCA-based partition functions we can seek to do a more rigorous propagation of the partition function uncertainty into the displacement kerma. A statistically-derived standard deviation and correlation matrix derived from this 6-element set of BCA-based partition functions is shown in Figures 9 and 10 . The comparison is restricted to ion energies less than 20 MeV so as to not violate the assumptions in the LSS formulation discussed in Section II. The behavior of the partition function at ion recoil energies greater than 20 MeV is not relevant to material damage studies as long as we are only concerned with the response energy for fission neutrons, i.e. for incident neutron energies less than ∼ 20 MeV. Figure 10 shows a very tight correlation over this energy range. Note that, since no anticorrelated regions were found, the shading legend in Figure 10 goes over the reduced correlation range from 0 to 1.
While the covariance matrix for the partition function consistent with Figures 9 and 10 could be propagated into the displacement kerma using a Cholesky transformation and an energy-based sample draw, as was done in the above section for the Robinson/Akkerman partition functions, a better approach was sought. In order to overcome the failure 
provided good consistent parameters for each of the BCA-based partition functions and for the composite set of data. The fits using this form showed that the "a" parameter was always very close to unity and the "c" parameter had little effect in the fit. Thus, this functional form resulted in a strongly correlated energy dependence that was dependent upon a single parameter, "b" which varied in the interval [0.0026, 0.0071].
Further investigations identified the more general cumulative Weibull distribution as a better functional form. This functional form is given by:
and has fitting constraints that "c" >0; "d" >0 and:
In this cumulative Weibull form, the "b" parameter controls the transition height and the "c" parameter controls the transition center. This functional form had a high quality fit for each of the individual BCA-based partition functions as well as for the composite set of data. It also had five parameters and could, if required by the underlying behavior of the partition function, capture a more complex energy dependent shape.
When the individual fits were examined, the "a" and "b" parameters were strongly correlated with a =∼ −b =∼ 1. There was also a complex correlation between parameters "c", "d", and "e". Table 1 shows a sample fit to the composite set of BCA-based silicon damage partition functions and presents the parameter range seen in the separate fits. If the complete parameter range seen in the individual fits is used, the constraint condition in Eqn. 4 was frequently violated. To avoid this failure of a sampled functional representation to fit the relevant energy region for the damage partition function, we introduced the constraint that Eqn. 4 be satisfied at 100 eV, a fairly low energy of interest for recoil energies. This forced the constraint to also be satisfied at higher recoil ion energies. In sampling, individual draws were done on the "a", "e" and "d" parameters using a uniform distribution over the range of values seen in the separate fits, "b" was set to "-a", and the Equation 4 constraint was used at an energy of 100 eV to fix the value of the "c" parameter. Figures 11 and 12 show the resulting standard deviation and covariance matrix for the ion energy-dependent damage partition function.
C. Impact on 1-MeV(Si) Response Function
Figures 13 and 14 provide a covariance representation for the effect of the damage partition function on the silicon displacement damage energy for neutrons. This analysis indicates that the uncertainty in the partition function can result in a 5% -15% uncertainty in the silicon displacement damage metric for neutrons in a fission reactor spectrum.
For a full treatment of the uncertainty in the displacement damage energy, this uncertainty contribution must be augmented by the uncertainty contributions that comes from: a) uncertainty in the underlying silicon cross sections; b) uncertainty in the reaction-dependent recoil ion distributions for each active channel; c) uncertainty in the selection of the displacement threshold energy; and d) any uncertainty due to "model defect" in the characterization of the uncertainty contributors. Work is ongoing by the international community to address these other sources of uncertainty [18] . When one is concerned with the correspondence of the displacement damage metric with the behavior of electronic devices, e.g. the gain degradation of bipolar silicon transistors, it is important to note that the relevant defects that affect the minority carrier lifetime are the di-vacancy and the vacancy-phosphorous defect, and not the just the number of the more primary Frenkel pairs.
The modeling of the evolution of the primary Frenkel pair defects in the presence of impurities and dopants represents a "model defect" in the use of the damage energy as a metric for damage in applications such as the gain degradation in a silicon BJT [19] , [20] , [21] .
The 1-MeV(Si) response function, as endorsed by the radiation effects community and represented in the ASTM E722 standard, is based on the energy-dependent shape of the silicon NRT-based damage energy and a normalization to a reference 1-MeV(Si) kerma value [1] , [22] . There had been much debate within the radiation effects community over the selection of the neutron energy to be used in the normalization process [23] before a consensus was reached on the use of the 1-MeV energy point. There is only a very small distinction between the shapes of the NRT-based damage energy, the sharp threshold Kinchin-Pease damage energy or the displacement kerma. This distinction is addressed in Reference [22] and analysis indicates that the uncertainty contribution from the partition function is identical for the two metrics. The accepted 1-MeV(Si) reference microscopic kerma factor is 95 MeV-mbarn and this selection is traced back to the work by Namenson, Wolicki and Messenger [24] .
Because there are resonances in the silicon cross section in this 1-MeV region, the accepted methodology to establish this reference displacement kerma is to fit the response function with a smooth two-parameter functional form in an energy interval around 1-MeV. The traditional functional form, with parameters " A" and "B" is:
and then to extract a reference kerma is given by:
The strong energy-dependent correlation seen in Figure 14 indicates that, when a TMC approach similar to that detailed in Section IV-A is used, the uncertainty due to the damage partition function is likely to cancel out over most of applicable energy range due to the correlation between the shape of the displacement kerma and the value of the extracted 1-MeV(Si) reference microscopic kerma factor.
V. CONCLUSION
This work examined the effect of the uncertainty in the representation of the silicon ion damage partition on the silicon displacement kerma for neutrons. The variation in the underlying damage partition function that is used to divide the deposited energy into ionization and displacement energy components, was captured by varying the electronic and nuclear interaction potential used to describe the recoil ion interactions using a modified form of the BCA code MARLOWE. The uncertainty in the partition function was rigorously characterized through the use of an energy-dependent covariance matrix. This uncertainty was then propagated into the silicon damage energy for neutrons using the NJOY-2012 code and a Total Monte Carlo approach designed to capture the energy-dependent correlation in the partition function and to rigorously treat any nonlinear uncertainty propagation implicit in its propagation through the integral equation that defines the neutron displacement damage. The result was a high fidelity energy-dependent representation, in the form of a covariance matrix, of this uncertainty contribution. When this uncertainty is combined with the uncertainty due to the knowledge of the silicon cross sections and recoil ion energy distributions, a full covariance matrix for the 1-MeV(Si) response function can be obtained.
The uncertainty in the damage partition function is shown to be capable of resulting in uncertainties on the order of ∼ 15% in the fast neutron silicon displacement damage metric. This can be a significant uncertainty consideration when compared to experimental studies of silicon neutron damage equivalence that have been shown in ASTM Standard E1855 to have an uncertainty of ∼ 8% [1] , [25] , [26] . Preliminary investigations of the other uncertainty contributors to the calculated silicon displacement damage metric, e.g. uncertainty in the underlying nuclear data or in the treatment of the damage threshold region, indicate that the damage partition uncertainty component is the dominant contributor with respect to the magnitude of uncertainty. This work has also provided an energy-dependent covariance matrix for this uncertainty contributor. Use of the covariance matrix can be critical in determining the uncertainty in damage equivalence ratios. Future work should use this covariance matrix to do a rigorous comparison the uncertainty in calculated and experimental neutron silicon displacement damage ratios.
